In this paper, we shall prove a weak convergence theorem for finding a common element of the set of fixed points of a nonexpansive mapping and the set of solutions of a variational inequality problem for a monotone, Lipschitz continuous m a p p i n g . Wi t h t h e h e l p o f a n u m e r i c a l e x a m p l e , w e s h a l l s h o w t h e e x i s t e n c e o f a fi xed p o i n t an d fi n d a so l u t i o n o f a variational inequality problem using C++. Further, we consider the problem of finding a common element of the set of fi xed p o i n t s o f a n o n exp an si ve map p i n g an d t h e set o f zero s o f a mo n o t o n e, Li p sch i t z co n t i n u o u s m a p p i n g .
Introduction
Let H be a real Hilbert space with inner product .,. The set of solutions of variational inequality problem VI(C, A) is denoted by . The variational inequality problem has been extensively studied in literature, see, for example, Browder and Petryshyn (1967) , Liu and Nashed (1998) , Takahashi (2000) and references therein.
Definitions: Let A: C H be a mapping of C into H. 
2.
A i s c a l l e d -i n v e r s e -s t r o n g l y -m o n o t o n e (Browder and Petryshyn, 1967; Liu and Nashed, 1998) I t i s e a s y t o s e e t h a t a n -i n v e r s e strongly mapping A i s m o n o t o n e a n d L i p s c h i t z continuous but converse is not true. 
A mapping S : C C i s c a l l e d L i p s c h i t z continuous if there exists a real number
T a k a h a s h i a n d T o y o d a ( 2 0 0 3 ) i n t r o d u c e d t h e following iterative scheme for finding a common element of the set of fixed points of a nonexpansive m a p p i n g a n d t h e s e t o f s o l u t i o n s o f t h e v a r i a t i o n a l i n e q u a l i t y p r o b l e m f o r a n -inverse-stronglym o n o t o n e m a p p i n g i n a r e a l H i l b e r t s p a c e . DOI: 10.16943/ptinsa/2014/v80i3/55133 584 Renu Chugh et al. Theorem 1. Let C be a closed convex subset of a real Hilbert space H. Let A be an -inverse-stronglymonotone mapping of C into H and let S be a nonexpansive mapping of C into itself such that F (S) VI(C, A) . Let {x n } be a sequence generated by 
lim n
In this paper, we shall prove the weak convergence of iterative scheme (1.1) for finding a common element of the set of fixed points of a nonexpansive mapping and the set of solutions of the variational inequality problem for a monotone and Lipschitz continuous mapping in a real Hilbert space. Further, we consider the problem of finding a common element of the set of fixed points of a nonexpansive mapping and the set of zeros of a monotone and Lipschitz continuous mapping.
Preliminaries
Let H be a real Hilbert space with inner product .,.
  and norm || ||  . Let C be a closed convex subset of H.
We shall denote x n x to indicate that the sequence {x n } converges weakly to x. x n x implies that {x n } converges strongly to x. It is well known that for any u H, there exists a unique y 0 C such that
We shall denote y 0 by P C u, where P C is called the metric projection of H onto C. The metric projection P C of H onto C satisfies the following basic properties (for detail, see, e.g. the Book of F. Deutsch (2001) ):
Such properties of P C will be crucial in the proof of our main result. Let A be a monotone mapping of C into H. In the context of the variational inequality problem, it is easy to see from the property (iv) that
, for all > 0. It is known that H satisfies the Opial condition (Opial 1967) that is, for any sequence {x n } with x n x, the inequality,
holds for every y H with y x. We also know that, if {x n } is sequence of H with x n x and || x n || x ||, then this implies that x n x.
A set valued mapping T : H 2 H is called monotone if for all x, y H, f Tx and g Ty imply
is not properly contained in the graph of any other monotone mapping. It is known that a monotone mapping T is maximal if and
Let A : C H be a monotone, k-Lipschitz continuous mapping and N C v be the normal cone to C at v C, that is,
Then, T is maximal monotone (Rockafellar 1970) and 0 Tv if and only if v VI(C, A).
Now we give below several lemmas and proposition which will be used in the proof of our main result in this paper.
Weak Convergence Theorem
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Lemma 1. (given by Schu (1991)) Let H be a real Hilbert space, and let { n } be a sequence of real numbers such that 0 < a < n < b < 1 for all n = 0, 1, 2 … and let {v n } and {w n } be sequences of H such that, Lemma 3. (given by Goebel and Kirk (1990)) Let H be a real Hilbert space, C be a nonempty closed convex subset of H and T : C E be a nonexpansive mapping. Then, the mapping I -T is demiclosed on C, where I is the identity mapping; that is, x n x in E and (I -T) x n y imply that x C and (I -T) x = y. Browder F E (1965) proved the following proposition.
Proposition: Let C be a bounded closed convex subset of a real Hilbert space H and let A be aninverse-strongly-monotone mapping of C into H. Then, VI (C, A) is nonempty.
Weak Convergence Theorem
In this section, we prove a weak convergence theorem for nonexpansive mapping and monotone mapping.
Theorem 2. Let C be a closed convex subset of a real Hilbert space H. Let A be a monotone kLipschitz continuous mapping of C into H and let S be a nonexpansive mapping of C into itself such that
F(S) VI(C, A)
. Let {x n } be sequence generated by Proof: Put y n = P C (x n -n Ax n ), for every n = 0, 1, 2, 3, …
Let u F(S)VI(C, A).
< || x n -u|| 2 -|| x n -y n || 2 + 2 n Ax n , x n -y n = || x n -u|| 2 -|| x n -y n || 2 + 2 x n + n Ax n -y n , x n -y n + y n -x n, x n -y n < || x n -u|| 2 -|| x n -y n || 2 -|| x n -y n || 2 = || x n -u|| 2 -2|| x n -y n || 2 < || x n -u|| 2 , for every n = 0, 1, 2, ...
Now, by (1), we have
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So, || x n+1 -u|| = || x n -u|| Therefore, there exists c = lim n || x n -u|| and the sequences {x n }, {y n } are bounded. From equation (2),
Since, lim n || x n -u|| 2 = lim n || x n+1 -u|| 2 so above equation implies that x n -y n 0.
Since, A is Lipschitz continuous, so Ax n -Ay n 0. As {x n } is bounded, we have a subsequence
of {x n } that converges weakly to z. Then, we shall obtain that
z F(S) VI(C, A).
Firstly, we shall show that z VI(C, A).
Since
Then T is maximal monotone. Let (v, w) G(T). Since w -Av N C v and y n C, so we get v -y n, wAv > 0.
On the other hand, from y n = P C (x n -n Ax n ), we have, x n -n Ax n -y n , y n -v > 0 and hence, vy n , (y n -x n )/ n + Ax n > 0. Therefore, we have , ,
Hence, we get v -z, w > = 0, as i .
Since T is maximal monotone, we have z T -1 0 and hence z VI(C, A).
Next we shall show that z F(S). Let u F(S) VI(C, A).
Since, ||Sy n -u|| < || y n -u|| < ||x n -u||, so, we have, lim n sup|| Sy n -u|| < c,
By lemma 2.1, we have, lim n || Sy n -x n || = 0.
We also have, ||Sx n -x n || < ||Sx n -Sy n || + ||Sy n -x n || < ||x n -y n || + ||Sy n -x n || Hence, we have lim n || Sx n -x n || = 0.
Since n i x z  and lim n || Sx n -x n || = 0, so by demiclosedness of I -S, we have z F(S).
z´F(S) VI(C, A). Let us
show that z = z´. Assume that z z´. From the Opial condition, we have
We show that z = lim n u n .
From,
By Lemma 2.2, {u n } converges strongly to some
Then, we have, z -z 0 , z 0 -z > = 0 and hence z = z 0 .
Remark: Since we know that every inversestrongly-monotone mapping is monotone and Lipschitz continuous, but converse is not true. So our result is the generalization of Theorem 1.1 given by Takahashi and Toyoda (2003) .
Numerical Example
Now we illustrate our main result with the help of a numerical example and a program in C++ . Now using the iterative scheme
we obtain the following data given in table 4.1 when initial approximation is taken as x 0 = 0.6.
Thus we see that the sequence {x n } converges to z = 0, which is a fixed point of S as well as a solution of variational inequality problem.
Application
Theorem: Let H be a real Hilbert space. Let A be a monotone k-Lipschitz continuous mapping of H into itself and let S be a nonexpansive mapping of H into itself such that F(S)
A -1 0 . Let {x n } be a sequence generated by x 0 = x H and let 
